A mathematical model is presented to describe the evolution of a vascular tumor in response to traditional chemotherapeutic treatment. Particular attention is paid to the effects of a dynamic vascular support system in a tumor comprised of competing cell populations that differ in proliferation rates and drug susceptibility. The model consists of a system of partial differential equations governing intratumoral drug concentration, cancer cell density, and blood vessel density. The balance between cell proliferation and death along with vessel production and destruction within the tumor generates a velocity field which drives the expansion or regression of the neoplasm. Radially symmetric solutions are obtained for the case when only one cell type is present and when the proportion of the tumor occupied by blood vessels remains constant. The stability of these solutions to asymmetric perturbations and to a small semi-drug resistant cell population is then investigated. The analysis shows that drug concentrations which are sufficient to insure eradication of a spherical tumor may be inadequate for the successful treatment of non-spherical tumors. When the drug is continuously infused, linear analysis predicts that whether or not a cure is possible is crucially dependent on the proliferation rate of the semi-resistant cells and on the competitive effect of the sensitive cells on the resistant population. When the blood vessel density is allowed to change dynamically, the model predicts a dramatic increase in the tumor's growth and decrease in its response to therapy.
Introduction
The growth and control of tumors is the subject of considerable clinical, experimental, and theoretical research. The progression of tumors consists of the avascular stage in which nourishment is obtained from the surrounding vasculature; and the vascular stage in which an intratumoral network of blood vessels is established. Avascular tumors are generally harmless in that they are absolutely dependent upon angiogenesis, the formation of blood vessels from the existing vasculature, to grow beyond a nutrient-limited size of a few millimeters in diameter. Vascular tumors, having their own blood supply, have nearly limitless provisions of nutrient and are intrinsically prone to invade the surrounding normal tissue and to metastasize to other parts of the body. For these reasons, the growth dynamics and potential control strategies for vascular tumors are of particular interest.
To date most mathematical studies of vascular tumor growth have neglected their spatial heterogeneity and treated the tumor as a spatially-uniform mass which evolves at some prescribed rate such as logistic or Gompertzian. For a review of how spatially-uniform mathematical models capture the in vivo volume growth of murine tumor cell lines, see [37] . Many models of treatment also neglect the spatial environment of the tumor by simulating the cell survival fraction after chemotherapeutic pulses [41] , [42] . Recently, however, Jackson and Byrne [28] published a spatially-dependent mathematical model of the response of vascular tumors to chemotherapeutic treatment. In that study, two cell types occupying a neoplastic mass independently of each other (i.e. no direct competition) are considered and it is assumed that the proportion of the tumor occupied by the vascular space remains constant. In this paper, the previous model formulation is extended to investigate the consequences that polyclonality, direct competition, and dynamic vascular support have on a tumor spheroid's response to chemotherapeutic treatment.
This [46] in that there is no explicit mention of a diffusible nutrient; instead, equations are derived that describe the evolution of the tumor volume, the different types of cancer cells and blood vessels that it contains, and the externally-supplied drug. There are also differences between this study and other investigations of vascular tumor growth [35] , [13] , [40] as the focus here is on the tumor's response to chemotherapeutic treatment. A modeling approach similar to [6] is adopted to describe the vascular transfer of drug between the blood and tumor. Where they considered the constant transfer of nutrient from the vasculature, we study the effects of increasing vascular density and spatially-dependent transfer of chemotherapeutic drugs into and out of the tumor.
This study concentrates on the spatial properties of tumor composition and structure and the effects they have on successful treatment. In our earlier work [28], we restricted our attention to radially symmetric solutions. Here symmetry assumptions are relaxed in the special case of one cell type and constant vascular support and the way in which radially symmetric solutions respond to asymmetric perturbations is studied. Due to the form of the model equations the natural choice for the perturbations are spherical harmonics. Any modes that are excited indicate how the tumor may invade into its surrounding tissues.
Several authors have studied how these types of perturbations will effect the growth of untreated, avascular multicellular spheroids [25] , [12] , [11] and [9] has investigated stability of avascular tumors when inhibitors are present. However, to our knowledge, this is the first investigation of how treatment would be affected by such an asymmetric, vascular tumor with realistic drug delivery and elimination. When a dynamic vascular supply is incorporated into the model equations, simulations show a significant increase in the re-growth of the tumor after a single bolus injection compared to the results presented in [28] where the vasculature occupied a constant volume fraction of the tumor.
